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Abstract— Mutual Information (MI) has been extensively used
as a similarity measure in image registration and motion esti-
mation, and it is particularly robust for 3D multimodal medical
image registration. However, MI estimators are known i) to have
a high variance and ii) to be computationally costly. In order to
overcome these drawbacks, we propose a new similarity measure
based on an Edgeworth-based third order expansion of MI and
named 3-EMI in the following. This kind of approximation is
well known in signal processing, and especially in Independent
Components Analysis (ICA), but its computation is easier since
data can be prewhitened contrary to images in registration.
The performance of affine and non-rigid registrations based on
the 3-EMI metric is studied through computer results in the
context of cardiac multislice computed tomography. In fact, an
estimate of the 3-EMI metric using sample statistics is compared
to a histogram-based estimate of the standard normalized MI,
showing a better robustness of the 3-EMI measure with respect to
the range of the searched deformation. In addition, in practice,
one part of the floating image may be missing regarding the
reference image. Computer results show that our approach is
less sensitive to such a practical problem.

Keywords— Image registration, mutual information, Edge-
worth expansions, cumulants, MSCT, cardiac images.

I. INTRODUCTION

Registration is a problem of big interest in medical im-
age analysis. It consists in recovering a transformation or
deformation field that optimizes some similarity measurements
between two sets of data (images, volumes, sequences) and is
a fundamental component towards computer assisted diagnosis
and interventional gestures. The different imaging modalities
that are used in clinical practice are most often comple-
mentary and provide data of various sizes (2D/3D or dy-
namic images) and various nature (morphological, functional,
metabolic) that have to be combined to perform a complete
analysis. These imaging modalities are always in constant
technological evolution and their combination offer new tools
for diagnosis and therapy. But the development of efficient
registration techniques is needed in many types of clinical
situations that can concern the registration of images acquired
in 1) mono-modality for the same patient but at different
instants (in dynamic analysis for moving organs or in treatment
following) ; ii) in multi-modality for fusion of complementary
informations (issued from nuclear imaging and scanner or
MRI imaging in oncology for example). The application of
image registration that is presented in this paper concerns
the motion estimation in Multi-Slice Computed Tomography
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(MSCT) for cardiac function assessment, this modality pro-
viding 3D image sequences and offering the means to analyse
both anatomy and function. Many automatic medical image
registration methods have been proposed in the literature (see
[1] for a bibliographical survey). The basic principle of image
registration consists in finding the geometric transformation
between two images or 3D volumes which minimizes a cost
or objective function. These registration techniques commonly
use intensity correlation, mean square difference of the image
intensity values, or MI as objective functions.

In the context of multidimensional non-rigid and multi-
modal medical image registration [2], the techniques based on
MI are the most common since their first appearance [3], [4].
Indeed, they allow to use all the statistical information con-
tained in the data. More particularly, built from the Kullback-
Leibler divergence [5], MI provides a statistical measure of
dependence between two random variables, say between two
probability distributions. A variant of this metric, the Normal-
ized MI (NMI), is nowadays intensively used in medical image
registration [6]. In practice, MI cannot be computed exactly
and need to be estimated from an estimation of marginal and
joint Probability Density Functions (PDF’s). There exists es-
sentially three different techniques to estimate MI: histogram-
based estimators [7], kernel-based estimators [8], [9] and
parametric methods. Parametric methods are clearly not appro-
priate to the context of medical image registration due to the
statistical complexity of processed images. Regarding kernel-
based estimators, they have too many adjustable parameters
such as the optimal kernel width and the optimal kernel
form. The latter parameters can be iteratively determined [8],
but the resulting method becomes computationally intensive.
Histogram-based estimators are more attractive due to their
simplicity. However, they suffer from variance, bias caused
by 1) the finite number of observations, ii) quantization and
iii) the finite histogram.

In order to overcome this drawback, a new similarity
measure is proposed in this paper, which is an approximation
of MI based on a third order Edgeworth expansion of marginal
and joint PDF’s. This idea has been introduced two decades
ago in the context of Independent Component Analysis (ICA)
[10]. Nevertheless, the different approximations derived for
ICA can’t be use for our purpose. Indeed, either they only
use the Edgeworth expansion to approximate the marginal
entropies without approximating the joint entropy [11] or they
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require to prewhiten the data in order to considerably simplify
the computation of the global approximation [12]. Note that
the prewhitening step is only possible if the random variables
taken into account are uncorrelated enough. This makes sense
in the context of ICA because the goal is to restore the
statistical independence of the considered variables. However,
in the registration task, this is inappropriate because the aim
is to find the perfect match between random variables, the
computation of the approximation becomes then more tedious,
and it is given in this paper leading to the novel 3-EMI metric.
The performance of affine and non-rigid registrations based
on the 3-EMI metric is studied through computer results in
the context of cardiac multislice computed tomography. In
fact, an estimate of the 3-EMI metric using sample statistics
is compared to a histogram-based estimate of the standard
Normalized MI (NMI) [6], showing a better robustness of
the 3-EMI estimator with respect to the amplitude of the
searched deformation. In addition, in practice, one part of the
floating image may be missing regarding the reference image.
Computer results show that our approach is less sensitive to
such a practical problem.

II. MI APPROXIMATION BASED ON EDGEWORTH
EXPANSION

The major components of a registration framework are
basically: i) the feature space (the characteristics of the images
taken into account), ii) the similarity measure used to compare
these characteristics, iii) the type of geometrical transformation
we consider, and iv) the chosen optimization method. In this
section, we focus on the new similarity measure proposed to
register two images or 3D volumes.

A. The classical MI

In information theory, MI of a vector = of two random
variables (1) and z(?) gives a measure of the statistical
dependence of both variables. It can be expressed as a function
of the marginal and joint entropies of (1) and z():

MI(x) = H(zW) + Hz®) - H(x) (1)

Shannon entropy [13] H(z) of a random variable z is a
measure of the average or expected information content of an
event described x, given by:

H(z) =~ | paw) log(ps (u) du @
R
where p,, is the marginal PDF of x. The joint entropy H(x),

measuring the dispersion of the joint PDF, p,, of the vector
x is defined by:

@) == [ pelwlogut)dn O

In medical image registration, NMI is often preferred because
it is an overlap invariant similarity measure [6]. It is given by:

H(zD) + Hz®)
H(x)

NMI(z) = 4)

In our experiments, we will compare the 3-EMI measure
to the NMI one due to its effectiveness in the context of
medical image registration [2]. As shown in equation (4),
the computation of NMI requires in practice the estimation
of the marginal and joint PDF’s of the couple (z(!),z(?).
This is done in [6] by a histogram-based method. For the
marginal PDF, it consists in counting the occurrence of values
at points within an image. For the joint PDF, given several
realizations of vector @ provided by both images to register, a
joint histogram is built that tells us how often pairs of values
occur together.

B. Edgeworth-based third order approximation of MI (3-EMI)

Edgeworth expansion aims at approximating a PDF from
its cumulants and Hermite polynomials. Given a zero-mean
bidimensional random vector & = [z}, z(?)], second and
third order cumulants of x are defined by:

Kithiz ((L’) — E[m(il)x(h)]

K128 () = E[p(1) (72) 3.(0))] (5)

where E[.] denotes the mathematical expectation operator. For
instance, the third order marginal cumulant of the zero-mean
random variable z(*) is given by x%"!(x) = E[(z(?)?]. Re-
garding Hermite polynomials, definitions and useful properties
are recalled in appendix.

Edgeworth expansion is formally equivalent to the Gram-
Charlier one. However, from a practical point of view, it has
better asymptotic convergence properties due to the correction
terms that are monotonely decreasing in /N providing that the
considered random variables can be decomposed as a sum of
N independent variables. Hence our preference for Edgeworth
expansion. We assume hereafter that both random variables
of x have unit variance. In our context, it means that our
images have been standardized which is less restrictive than
the prewhitening step discussed in introduction. The univariate
expansion up to order 3 of the marginal PDF of z(*) is given
by [14]:

iyiyi (@)
IO oy
(6)
where ¢, is the marginal normal distribution given by (14)
and Hj is the third order Hermite polynomial (15). The
bivariate expansion of the joint PDF p, is defined by [14]:

Pato (W) = 6,00 (ul?) (1 +

(1) = alu) (14 G @) i () )
—+ *Kl’l’Q(CC)Hl 172('11/) + Iil 2 2($)H17272(u)
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where ¢, is the bivariate normal distribution defined by (18)
and H;, i, i, 1s a third-order bivariate Hermite polynomial
(20).

Using these expansions, we can approximate the marginals
(2) and joint (3) entropies. Note that, we focus on third
order approximation, because they showed to be sufficient for
our registration task. Further improvements will include an
increase of the order of the approximation in order to have a
more precise estimation of the entropies. The marginal entropy
up to third order is well-known [14] and is given by:

[RETIRY)
H(z") ~ %log(Zwe) - %% (8)

One contribution of this paper is to give the approximation
of the joint entropy of correlated random variables. Its com-
putation, a bit tedious, will be given in a longer paper. We just
give here the main ideas of such a computation. We start by
inserting (7) into (3). Then, we simpify the expression using
i) the Taylor expansion (1 + x)log(l+ z) ~ = + %2 and ii)
the orthogonality property of Hermite polynomials (20). We
get :

1
,‘{1’1’1(1))2 +H2’2’2((L')2 +3/~@1’1’2(w)2 +3/€1’2’2($)2

_ Gp(ﬁl’l’l(m)/ﬁl’m(m) n /@1’2*2(58)/12’2’2(58)
4 2/@1’1’2(:2)/@1’2’2(:30 162 (/@1’1’2(:1:)2 n Hl,Q,Q(w)Z

+ ml’l’l(w)nl’2’2(:c) n Kjl’l’Q(:L')KQ’Q’Q(QZ))

. 2p3 (Hl’l’l(w)HQ’Q’Q(:B) + 3&1’1’2(@&1’2’2(@))
)

where p = k'2(x) is the covariance between z(Y) and z(?).
We see that this expression is mainly composed of multivariate
cumulants. In practice, cumulants cannot be exactly computed
and require to be estimated from several realizations of the in-
volved random variables. More particularly, let {z"[/]} i1
be a set of L independent realizations of the zero-mean
variable (), we get:

K2 () = x(“)[ﬁ] x(iz)[é] (10)

Sl
] =

~
Il
—_

2] 22 [0] 203) ()

S
Mh

PERNE (m) —

~
I
—

With formulas (8) and (9), the MI expression (1) can be
approximated. It is natural to ask oneself if this third order
approximation is good enough. In fact, assuming that () and
2 can be decomposed as a sum of N independent variables

it is possible to deduce that the approximation error is about
N~ The relevance of the decomposition assumption will be
studied in details in a longer paper. We have now to incorporate
our 3-EMI approximation in a global registration scheme, as
explained in the next section.

III. THE REGISTRATION SCHEME

As mentioned above, a registration method is usually
defined by its feature space, deformation model, similarity
measure and optimization scheme. In the following, we will
explain the choices we made to build up our experiments. We
consider here an iconic method, so the features used are the
pixel values and cumulants are estimated from these values.

A. Motion model

One crucial choice to make is the motion model to take into
account. For our purpose, two main types of transformation
have to be considered. First, we focus on affine transforma-
tions, with seven parameters in two dimensions (translations ¢,
and t,, scalings s, and s, shearings h, and h,, and a rotation
angle #). Considering both images to register, I and Ip
will denote the floating and the reference images, respectively.
The coordinates of a pixel in these images are then given by
vp = (zg,yr)" and vp = (xp,yr)", respectively. Thus, the
affine transformation linking a pixel of I according to a pixel
of I is given by:

'l)R:A’UF+(tx,ty)T (11D

where A is the matrix defined as:

_ [sz8in(0)hy+szcos(0) spsin(0)+szcos(0)hy
~ \sycos(f)hy —sysin(0) sycos(0)—sysin(0)h,

However, the motion of the heart is highly non-rigid so that
affine transformations alone are not sufficient. To describe a
realistic deformation, one need to perform a non-rigid registra-
tion. For that purpose, we use a Free-Form Deformation (FFD)
[15] model based on B-Splines. B-Splines are very popular in
medical image registration due to their pleasant properties:
compacity of their support, separability in each dimension,
derivability and a relative straightforward implementation. But
they are above all a powerful tool for modeling deformable
objects. The FFD model warps an image by moving an
underlying set of control points distributed over a regular grid.
The displacement of a point v of the image can be written as
a linear combination of B-spline functions 3*), weighted by
the parameters £*) in the neighborhood K(v) of this point:

d(v,8) = Y £WpH(v) (12)

keK(V)
B. Similarity measure

As explained in the previous section, the main contribution
of this paper is to present a new similarity measure based on
an Edgeworth-based third order expansion of MI. The aim of
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our test procedures is to compare the 3-EMI metric with the
NMI one (4). Therefore in our experiments, we will use both
metrics.

C. Optimization procedure

As a first approach, we choose a steepest gradient descent
optimization scheme. It allows us to make a direct comparison
between EMI and NMI metrics, in term of effectiveness and
sensitivity to the amplitude of the deformation. The gradient
is computed numerically, but our future work will be to write
it analytically.

Moreover, we choose a coarse to fine (or pyramidal) ap-
proach, which brings a speed-up in the registration. During an
affine registration procedure, the pyramidal approach consists
in downsampling our images and performing the affine regis-
tration on the coarser level. When the optimum parameters are
found, they are used to initialize the next level of the pyramid.
During the non-rigid registration, the downsampling is done
directly on the control grid of the B-Splines. We start with
a coarse grid which is refined after the optimum is reached.
This approach gives faster and better results, because it allows
to register global as well as local motion.

IV. TEST PROCEDURE AND RESULTS

We test the 3-EMI similarity measure on both affine and
non-rigid registration tasks, and compare it to the NMI
metric. We use real 2D MSCT images that are deformed
using controlled parameters. Then, we perform the registration
using the same optimizer for both similarity measures. When
the optimum in the sense of each measure is reached, the
Frobenius norm of the difference between the reference and
registered images is calculated, in order to evaluate the quality
of our registration: the Frobenius norm equals zero when the
registered image fits perfectly the reference one.

A. Affine registration

We construct our synthetic datasets making the seven affine
parameters vary. The importance of the deformation is con-
trolled using an extra parameter . Two test procedures are
led. First, we fix the parameters such as t, =t, =0 = q,
Sz =8y=1+0.1a and h; =h,=0.1a with - varying from 0
to 5. The resulting images are highly deformed because of the
high scaling and shearing, but due to the small translations,
almost all the information contained in the reference image
remains in the floating image. We perform the registration on
two hundred sets of images. The computer results are good
for both similarity measures.

Then, we use different parameters to deform our images:
ty=ty=0=qa, s; =5, =1+ 0.0la and h, = h, = 0.01c,
« varying from O to 40. This time, important translations and
rotations occur, so that part of the reference image is missing
in the floating one. Again, the tests are led on two hundred
sets of images, and the results are given below: as soon as the
missing part in the deformed image becomes too important

L L L L L L L
o 5 10 15 20 25 30 35 40

Fig. 1. Frobenius norm of the difference between the reference and registered
images regarding the amplitude of the affine deformation.

(a) Reference image (b) Floating image

Sw e

(c) NMI registered image

(d) 3-EMI registered image

Fig. 2. Example of an affine registration for MSCT slices. The initial affine
transformation is given by o = 35. The 3-EMI-based registered image (d)
nicely looks like the reference image (a), excepted on the left-hand corner
which is missing in the floating image. In this extreme example, we see that
NMI performs poorly (c).

(for o around 10), the NMI metric fails to register well. On
the opposite, the 3-EMI measure still registers our images,
even when a large part of the reference image is missing. An
illustration is given in Fig. 2, with o = 35. In Fig. 1, we see
that 3-EMI measure outperforms the NMI metric.

The affine tests are conclusive, but non-rigid registration
also has to be tested, since it’s the final goal in our application.

B. Non-rigid registration

In the same way, we deform non-rigidly our reference image
to obtain the floating image. To do so, we move the B-Splines
control points of the grid over the images, increasing the
amplitude of the distortion via a parameter (3 varying from
0.1 to 1. Then, the floating image is deformed thanks to these
control points, which ensure a regular deformation. Examples

Authorized licensed use limited to: Universite de Rennes 1. Downloaded on March 04,2026 at 13:10:50 UTC from IEEE Xplore. Restrictions apply.



Fig. 3. Examples of B-Spline transformed images, with an increasing
distortion coefficient 3.

Fig. 4. Frobenius norm of the difference between the reference and registered
images regarding the amplitude of the non-rigid deformation.

of the deformed images regarding the § parameter are given
in Fig. 3. The registration is performed using the floating
image as the reference and vice versa, which allows to make
a direct comparison between the synthetic control grids of B-
Splines and the ones estimated during the registration process.
Once again, we see that 3-EMI outperforms NMI (Fig. 4),
particularly when important deformations are taken in account.
A registration example is given in Fig. 5 with 5 = 0.35.

V. CONCLUSION

In this paper, we present a new similarity measure based on
a third order approximation of MI using an Edgeworth expan-
sion. The underlying mathematical tools of this expansion are
the Hermite polynomials and the cumulants. The orthogonality
properties of Hermite polynomials are used to simplify the
expressions, while the cumulants contain the relevant statistical
information of the images to register. In fact, cumulants
allow a good description of the image, without any prior
information. They are a powerful tool which already showed

(c) NMI registered image

(d) 3-EMI registered image

(e) NMI final B-Spline grid (f) 3-EMI final B-Spline grid

Fig. 5. Example of a non-rigid registration for MSCT slices, with 3 = 0.35.
The 3-EMI-based registered image (d) fits the reference image (a) well, while
the NMI-based registration starts to diverge (c).

its performance in ICA, but maybe not enough in image
registration. A lot of work still has to be done. First, we would
like to write analytically the gradient of our cost function, in
order to increase the performance of our registration scheme.
We would like also to use higher order Edgeworth expansions
to use more statistical information about the images. Moreover,
the number N of independent images that yield the MSCT
images in a linear combination will be studied in order to
quantify the approximation error of our metric. Finally, a
3-dimensional registration method has to be set-up, but it
will be straightforward due to the properties of the different
components of our registration scheme.

APPENDIX I
UNIVARIATE HERMITE POLYNOMIALS

The univariate Hermite polynomials are defined by:

"¢,
bula)Hi () = (~1)* 02 a3
where:
(1) = (B /Var@) (1)
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is the marginal normal distribution. The first six univariate
Hermite polynomials are given by:

Ho(u) =1 15)
Hi(u)=u
Hg (U,) = u2 —1
Hs(u) = u® — 3u
They enjoy the following orthogonality property:
iif i =3
¢z (w)H;(w)Hj(u)du = . (16)
R 0 otherwise

APPENDIX II
BIVARIATE HERMITE POLYNOMIALS

In the same way, one can define the bivariate Hermite
polynomials as:

9" P (u)
o __ 1\k_ 9 PxlU)
Pu (W) iy, ip (u) = (—1) Oulin) . oulir) a7
with:
bo(u) = — o hu-ER)TRG w-ER) (g
x (27r)|ﬁ./m‘1/2

the bidimensionnal normal distribution, where kg = E[za'|—
E[m}E[mT] is the covariance matrix of x whose elements
are denoted by x%J(x) and where k' is the inverse of
this covariance matrix whose elements are written r; ;(x).
The first three multivariate covariant Hermite polynomials are
given by:

H; (u) = /{il_’l(:c)u D4 Kiy 2(x )u(g)
Hi, iy () = ki 1 () Ry 1 () (uD)?
+ (Kiy 2 (@) Ky 1 () + iy 1 (@) iy o () )uDu®
+ Ky 2()kiy 2(2) (uP)? = ki, 4, (2)
Kiy 1 (2)kiy 1 (@) ki 1 () (uD)?
+ (/ﬁil 2(@)Kiy 1 () Ky, 1 ()
+ Kiy 1 (@)K, 2(2)Kig 1 ()
+ Ky 1 (T) Ky 1 () ki 2 () (M) 20

+ (i, 2(50)"%2 1(Z) ki 2(T)

Hi, iy is(u) =

+ iy 1 () Kig 2 () Kig 2 ()

+ iy 2(®) iy 0 (@) Rig 1 () ulD (uP)?

+ iy 2 (T )K“lz, (@)kig 2 (@) (u)?

- (521,12( i1 (x Kiyis (T)Kiy,1()
(1)

- ("511,22( iz 2(T) + Kiy ig (T) iy 2(T)

+ K’iQ,’Lg K/’Ll 2 ) u(2)

)+
+ Kigis () Kiy 1 ( ))
)
(x))

19)

Their orthogonality property can be express as:

[ B @ @on@dn 20

- [k}'] n(a:)ihjl...n(a:)ik,jk ifl =k

o otherwise
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