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Abstract

‘We propose a new similarity measure for iconic medical image registration, an Edgeworth-based third order approximation of Mutual Information
(MI) and named 3-EMI. Contrary to classical Edgeworth-based MI approximations, such as those proposed for independent component analysis,
the 3-EMI measure is able to deal with potentially correlated variables. The performance of 3-EMI is then evaluated and compared with the Gaussian
and B-Spline kernel-based estimates of MI, and the validation is leaded in three steps. First, we compare the intrinsic behavior of the measures as
a function of the number of samples and the variance of an additive Gaussian noise. Then, they are evaluated in the context of multimodal rigid
registration, using the RIRE data. We finally validate the use of our measure in the context of thoracic monomodal non-rigid registration, using the
database proposed during the MICCAI EMPIRE10 challenge. The results show the wide range of clinical applications for which our measure can
perform, including non-rigid registration which remains a challenging problem. They also demonstrate that 3-EMI outperforms classical estimates
of MI for a low number of samples or a strong additive Gaussian noise. More generally, our measure gives competitive registration results, with a
much lower numerical complexity compared to classical estimators such as the reference B-Spline kernel estimator, which makes 3-EMI a good

candidate for fast and accurate registration tasks.
© 2014 Elsevier Masson SAS. All rights reserved.

1. Introduction

Registration aims at identifying the geometric transforma-
tion between two images or 3D volumes which minimizes a
cost or objective function. Many automatic image registration
methods have been proposed in the literature (see [1,2] for a
bibliographical survey). In the context of iconic multidimen-
sional non-rigid and multimodal medical image registration, the
techniques based on Mutual Information (MI) [3,4] are the most
common [5,6]. In practice, MI cannot be computed exactly and
has to be derived from an estimation of marginal and joint Prob-
ability Density Functions (PDF’s). There are essentially three
different techniques to estimate these PDF’s: histogram-based
estimators [7], kernel-based estimators [8,9] and parametric
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methods. Parametric methods are clearly not appropriate to
the context of medical image registration due to the statisti-
cal complexity of the processed images. Histogram-based and
kernel-based estimators are more attractive due to their sim-
plicity. However, they suffer from variance, bias caused by 1)
the finite number of observations, ii) quantization and iii) the
finite histogram. Moreover, the histogram binning is usually
time-consuming.

In order to overcome these drawbacks, a new similarity mea-
sure is proposed in this paper, which is an approximation of
MI based on a third order Edgeworth expansion of marginal and
joint PDF’s. This idea has been introduced two decades ago in the
context of Independent Component Analysis (ICA)[10]. Never-
theless, the different approximations derived for ICA can’t be
used for our registration task, since they assume a decorrelation
of the involved random variables. For that reason, we developped
novel approximations, leading to the novel 3-EMI metric which
is compared to Gaussian [3] and B-Spline [11,12] kernel-based
estimations of MI (named Mg and Mlgg, respectively, in the
following). 3-EMI metric has been briefly described in [13]. We
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give here an extensive validation study, as well as the mathe-
matical details needed to understand this approach. In section
II, we explain our method and the mathematical developments
that were led to obtain this new measure. In section 111, we detail
the global registration scheme used during the experiments, giv-
ing the choices we made regarding the other components of this
scheme. Section IV shows the results we obtained. First, we
measure the intrinsic behavior of the three metrics (3-EMI, Mlg
and Mlgg) as a function of i)the number of samples and ii)the
variance of an additive Gaussian noise. Then, we evaluate their
performance on two different medical image registration prob-
lems. For that purpose, we use the RIRE database [14], which
gives gold-standard registration results in the context of multi-
modal rigid registration. Next, we apply our measure and MlIgg
to the task of non-rigid registration of lungs. The database used
[15] [27] gives the opportunity to estimate the quality of non-
rigid registration based on two scores. Finally, we analyse the
numerical complexity of 3- EMI. The 3-EMI measure appears
more robust with respect to a low number of samples or a strong
additive Gaussian noise than classical measures. The results also
show the wide range of clinical applications for which our mea-
sure can perform. They demonstrate that 3-EMI is particularly
effective for rigid and non-rigid registration tasks: it outperforms
classical estimates of MI, giving the best compromise between
performance and numerical complexity.

2. Toward the 3-EMI similarity measure

Let Ir(v) be arandom variable modeling a floating image we
want to register to a reference image /g(v), where v is a random
vector over coordinate locations in the model. To build a reg-
istration procedure, one has to define the basic components of
the registration framework: i) the feature space (the characteris-
tics of the images taken into account), ii) the similarity measure
used to compare these characteristics, iii) the type of geometri-
cal transformation we consider, and iv) the chosen optimization
method. In our context, the feature space is spanned by the pixel
intensities of both images to register. While points iii) and iv) will
be dealt with in section 3, now let focus on the design of a new
similarity measure. For the sake of convenience, let’s define a
vector x of two random variables x) and x?, which will denote
Ir(v) and Ir(v), respectively.

2.1. MI: a statistical similarity measure

Shannon entropy [16] H(x) of a random variable x is given
by:

H(x) = —/Rpx(u)log (px(u)) du ey

where p, is the marginal PDF of x. The joint entropy H(x),
measuring the dispersion of the joint PDF, p,, of the vector x is
defined by:

H(x) = —fRsz(u)log (px(u)) du @

In information theory, MI gives a measure of the statistical
dependence between two random variables. It can be expressed
as a function of the marginal and joint entropies of x") and x®:

MI(x) = Hx"V) + H(x?) — H(x) A3)

As shown in equation (3), the computation of MI requires in
practice the estimation of the marginal and joint PDF’s of x. The
estimation method that is commonly used consists in building
marginal and joint histograms [17]. For the marginal PDF, one
has to count the occurrence of values at points within an image.
For the joint PDF, given several realizations of vector x provided
by both images to register, a joint histogram is built that tells
us how often pairs of values occur together. Moreover, these
histograms can be smoothed using Gaussian [3] or B-Spline
[11,12] kernels. In our experiments, we will compare these two
kernel-based MI measures to our 3-EMI metric.

2.2. EMI: Edgeworth-based approximation of MI

Edgeworth expansion aims at approximating a PDF from its
cumulants and Hermite polynomials. The expansion is com-
puted around the closer normal distribution, the terms of the
expansion giving the distance to normality. It has been inten-
sively studied in signal processing, and more particularly in ICA
[10] in order to approximate multivariate differential entropies
[18]. Nevertheless, the latter approximations cannot be applied
to the registration task. Indeed, such approximations require
to prewhiten the data in order to considerably simplify their
computation. However, in a registration scheme, this prewhiten-
ing step doesn’t make sense because the aim is to find the perfect
match between random variables, i.e. a total statistical depend-
ence. So new approximations had to be developped without any
decorrelation assumption.

Given a zero-mean bidimensional random vector x=[x{1,
x(z)], second and third order cumulants of x are defined by:

Kil,iz(x) — E[x(il)x(iz)] 4)

P ,iz,i3(x) — E[x(i')x(iZ)x(i3)]

where E[.] denotes the mathematical expectation operator.
For instance, the third order marginal cumulant of the zero-
mean random variable x) is given by «"’i(x) = E[(x(i))3].
Regarding Hermite polynomials, definitions and useful prop-
erties are recalled in appendix A.

We assume hereafter that both random variables of x have
zero-mean and unit-variance. In our context, it means that our
images have been centered and standardized: this is far less
restrictive than the prewhitening step discussed above, and it’s a
common preprocessing step in image registration. The univari-
ate expansion up to order 3 of the marginal PDF of x® is given
by [19]:

DN D) Ui 0
P @) = ¢ i(u )(1+§K (x)Hz(u™")) (5)

where ¢, H3 are the marginal standard normal distribution
and the third order Hermite polynomial, given by (16) and (17),
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respectively. The bivariate expansion up to order 3 of the joint
PDF p, is defined by [19]:

px(u) = ¢x(u)(1 + By(u)) (6)

where ¢, is the bivariate standard normal distribution given
by (24) and where B, is defined by:

1
By(u) = §(K1’1’1H1,1,1(u) + 312 Hy () @)

+ 3chP2H1 2 0(u) 4 k22 Hyp 2(w))

with H;, ;, ;, the third order bivariate Hermite polynomial
defined by (21-22).

Using these expansions, we can approximate the marginal
(1) and joint (2) entropies. These approximations are given in
the following. The detailed mathematical developments used for
constructing the joint entropy are proposed in appendix C.

It is noteworthy that an approximation of marginal entropy is
given in [20]. However, the approximation uses a second order
Taylor expansion of log(1 +x), which leads to intractable math-
ematical expressions when an approximation of joint entropy is
expected. In the developments we conducted, we prefered to use
a second order Taylor expansion of (1 +x) log(1 + x), which has
already been used [10,18] for negentropy estimation, and per-
mits as well joint entropy approximation, as exposed in appendix
C. We thus also developed novel approximations of marginal
entropies, following the same formalism as for joint entropy,
which won’t be developed in detail. This leads to a slightly dif-
ferent approximation of the marginal entropy, compared to the
one in [20], given, at third order, by:

) 1 1 00,0 2
Hy- gy () = 3 log(27e) - 5" 3(!")

®)

The approximation of joint entropy for potentially correlated
random variables is given by:

Hs_gmi(x) = 1+ log(27) + 0.5 log(1 — p?)

K1,1,12 2,2,22 1,1,22 1,2,22

+« + 3k + 3k

12(1 — p2)’
—6p(ch T2 g 122222 4 9 112,122y &)

2 2
620 1Y 122 LG22 112,200y

_2p3(K1,1,1K2,2,2 4 3K1,1,2K1,2,2))

where p= Kl'z(x) is the covariance between x(1 and x@® and
where k! denotes «k>(x).

With formulas (8) and (9), the MI expression (3) can be
approximated. These formulas are mainly composed of multi-
variate cumulants. In practice, cumulants require to be estimated
from several realizations of the involved random variables. More

particularly, let {x’[£]},_,_, be a set of L independent real-

izations of the zero-mean random variable x\¥, we get:

L
1 . , .o
_ @i1) (i2) i1,ip
L;_lx [1220e], — k20 (10)

L
1 4 . . o
z;_lx(ll)[g] x(lz)[g] x(lz)[g]L_)_;ooKllJz,ls(x)

2.3. Numerical complexity analysis

The aim of this section is to give the cost per iteration of the
proposed similarity measure, in comparison with the numerical
complexity of the classical MIpg measure. Numerical complex-
ity measurement aims at giving a fair comparison between
different algorithms. We prefer it to the CPU time, because
it gives a computational cost which is independent from the
computer used. It consists in counting the number of multipli-
cations and additions required to compute the two similarity
measures. We found out that our measure has a cost per itera-
tion of 9L + 44 + 3log, where L is the number of image samples
taken into account in the approximation. We chose to keep log,
the cost of a log function call, appart because it can slightly vary
regarding the precision expected. In this calculation, the more
important cost comes from the cumulants: according to (10), a
third order cumulant has a 2L + 1 cost. Thus, we can consider
that our metric has a O(L) cost per iteration, since L remains
large in practice compared to the other terms. Regarding the
Parzen estimator using a B-Spline kernel, which will be shown
in the following more efficient than that using a Gaussian ker-
nel, the cost per iteration we found, according to formulae given
in [11,12] is Np2(5 +1log +4L), where Nj, is the number of his-
togram bins of the reference and floating image. We found a
similar result in the literature [23], with a O(LN}?2) cost per iter-
ation. In our experiments, we fixed N, to 32, which is a good
compromise between speed and accuracy and is a recommended
value.

So the main advantage of our new 3-EMI approximation is
clearly brought to light here. Indeed, the computational cost
per iteration of our 3-EMI approximation is much lighter than
standard MIgg approximation, due to the fact that we don’t need
to build a joint histogram to compute our measure.

3. Registration procedure set-up

We defined above the 3-EMI similarity measure that will be
compared to the classical Mg [3] and Mlgg [11,12] estimates
of MI. We now have to set-up a global registration procedure to
test the performances of these measures. We thus need to define
the deformation model as well as an optimization procedure.

3.1. Motion model

For our purpose, three main types of transformations have
to be considered. In section 4.2, we evaluate the quality of 3D
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multimodal rigid registration, so a rigid transformation modeled
with 3 Euler angles and 3 translation parameters will be suffi-
cient. In section 4.3, however, we perform non-rigid registration,
and we will consider both an affine transformation model com-
posed of 15 parameters in three dimensions, which will serve as
a preprocessing step for the non-rigid registration which will use
a Free-Form Deformation (FFD) model based on B-Splines [24].
B-Splines are very popular in medical image registration due to
their pleasant properties: compacity of their support, separabil-
ity in each dimension, derivability and a relative straightforward
implementation. But they are above all a powerful tool for mod-
eling deformable objects. The FFD model warps an image by
moving an underlying set of control points distributed over a
regular grid. The displacement of a point v of the image can
be written as a linear combination of B-Spline functions ﬂ(k),
weighted by the parameters £X) in the neighborhood KC(v) of
this point:

¢, &)= > VP (11)

keK(v)

The non-rigid transformation linking /g(v) and Ir(v) can
then be written as:

Ir(v) = Ir(p(v, §)) (12)

Finally, we choose a linear interpolation which is a good
compromise beetwen efficiency and speed.

3.2. Optimization procedure

We use an adaptive stochastic gradient descent procedure
described in [21], given by:

Ml = g — Y@ &, k=0,1,..., K (13)

with pg and pp4q the transformation parameters at iteration
k and k+ 1, respectively. The search direction g, is an approx-
imation of the true derivative computed by central difference,
and the gain factor y(#;) is determined by a predefined decaying
function of the iteration number k:

y(t) = (14)

4
(e + A)

ter1 = max[te + f(—&f &), 0]

where f denotes a sigmoid function. The originality of this
algorithm comes from the automatic estimation of the free
parameters, namely a, A and f, before the registration starts.

Moreover, we choose a coarse to fine (or pyramidal)
approach, which brings a speed-up in the registration. During
rigid and affine registration procedures, the pyramidal approach
consists in downsampling our images with a factor 2 at each
level and performing the registration on the coarser level. When
the optimum parameters are found, they are used to initialize
the next level of the pyramid. During the non-rigid registration,
the downsampling is done directly on the control grid of the
B-Splines. We start with a coarse grid which is refined after
the optimum is reached. This approach gives faster and better

results, because it allows us to register global as well as local
motion.

3.3. Software implementation

We use ITK (www.itk.org) implementations of Mlg and
Mlgs, namely MutuallnformationlmageTolmageMetric and
MattesMutuallnformationlmageTolmageMetric. We also work
with the elastiX toolbox [26] during the registration procedures
(4.2, 4.3), which allows the reproducibility of the results.

4. Experiments and Results

The approximation of MI that we propose is evaluated and
compared to both classic Parzen window approximations, solv-
ing increasingly difficult questions. First, we use these different
approximations outside the registration context to evaluate their
intrinsic behaviours. Then, we test the three similarity measures
on two different medical image registration problems. We start
with the rigid registration of multimodal skull volumes from the
RIRE project. Next, we perform the non-rigid registration of CT
lung volumes. For these registration tasks, the measures are used
within a common registration scheme which allows for a direct
comparison.

4.1. Synthetic tests

We first evaluate and compare the behaviors of the MIgg, MIg
and 3-EMI measures in the transformation space, by varying
the translation parameters. The good behavior of a metric for
registration purpose is characterized by its ability to measure
the similarity between two images. A good metric is supposed
to give a single global maximum that will make both images
perfectly match. A low number of local maxima is also a criterion
of good behavior. The quality of the registration procedure will
directly depend on the behavior of the used measure. Indeed, the
optimization methods can be very affected by the presence of a
high number of local maxima. Hence, there is a real interest in
studying the behavior of a measure before its use in registration,
especially as a function of some influential parameters such as
the variance of the omnipresent noise or the number of samples
(pixels) used to compute the measure.

Our purpose is then to propose such an analysis by using real
cardiac MSCT images. For each subject, we have access to a
3D volume of the heart taken every five percent of the cardiac
cycle. The procedure consists first in randomly selecting a 2D
slice among these 3D volumes that will be the reference image.
Then, this image is translated along x and y directions between
—40 and +40 mm to obtain a moving image. For each trans-
lation value, we calculate the similarity measure between the
reference and moving images. In order to get statistically signif-
icant results, we repeat the procedure on 100 randomly selected
2D images for each parameter configuration and each similarity
measure, and we compute the average of all results. We also
repeat these tests making the number of pixels used to compute
the similarity measures vary. Indeed, this will have a great impact
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Fig. 1. Behavior of the Mlgs, MIg and 3-EMI measures with a 10 degrees rotation, computed from 50 ((a), (b), (c)) or 500 ((e), (f), (g)) samples.

on the registration accuracy, and the overall computation time.
Finally, the moving image was corrupted with additive Gaussian
noise with different standard deviations. Complementary studies
can be found in [22].

Figure 1 shows the behavior of the MIgs, Mlg and 3-EMI
measures for two numbers of samples: we use 50 pixels on the
first raw of Fig. 1 and 500 on the second raw. In both cases,
there is no noise and the rotation angle has been chosen equal
to 10 degrees. The behavior of the MIgg and MIg measures is
bad in terms of location of the global maximum and number of
local maxima (Fig. 1(b)) when the number of pixels is low (50),
which nevertheless is the recommended value in both the original
article [3] and the ITK software. Our measure shows a better
behavior. As expected, there is an improvement of the behavior
of the three measures when 500 samples are used with a better
localization of the global maximum on the 3-EMI measure.

MIgg
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Figure 2 displays the behavior of the Mlgs, MIg and 3-EMI
measures using an additive Gaussian noise with a standard devi-
ation of 1 (first row) and 50 (second row), respectively, for 50
pixels and a zero rotation angle. This experiment shows the
better behavior of our measure in the presence of a Gaussian
noise, particularly when the noise becomes strong (second row
of Fig. 2). In such a case, the global maximum of the classical
Mlgs and MIg measures does not coincide with a perfect match
between both images and a lot of spurious local maxima are
present. On the contrary, our 3-EMI measure exhibits a global
maximum at the good location without any local maximum in its
neighborhood. The explanation is that a Gaussian variable has
its cumulants of order strictly higher than 2 equal to 0. Our mea-
sure, which is mainly composed of such cumulants, seems thus
more robust with respect to the presence of an additive Gaussian
noise.
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Fig. 2. Behavior of the MIgs, MIg and 3-EMI measures computed from 50 samples using a moving image corrupted by an additive gaussian noise with standard

deviation of 1 ((a) (b), (c)) or 50 ((e) (f), (g)).
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Table 1

Evaluation of the different metrics in the context of rigid registration, using
the RIRE database. This table gives the mean registration error (in mm) of
the first nine subjects of the database, for the different imaging modalities and
similarity measures. The bold numbers represent the best registration for each
image couple.

Modality 1 Modality 2 3-EMI Mlps Mlg
CT MRI_PD 6.236 5.543 25.68
CT MRI_PD _rectified 5.03 4.808 26.747
CT MRI_T1 5.459 6.686 36.282
CT MRI_T1 _rectified 5.661 7.742 29.504
CT MRI_T2 5.664 6.244 30.2
CT MRI_T2_rectified 5.7717 5.349 33.976
PET MRI_PD 5.206 9.299 19.61
PET MRI_PD _rectified 5.122 5.55 20.473
PET MRI_T1 5.378 9.692 28.218
PET MRI_T1 rectified 4.813 12.372 24.63
PET MRI_T2 6.931 10.64 25.343
PET MRI_T2_rectified 7.156 8.092 28.018
Average 5.703 7.668 27.390

4.2. Rigid registration: RIRE database

In this section, we consider the first nine subjects of the RIRE
database [14]. The imaging modalities offered are CT, PET and
MRI. Three types of MR images are considered: T1-weighted
(denoted T1), T2-weighted (T2) and proton-density-weighted
(PD). Moreover, these MR images have been corrected for
static field inhomogeneity using [25], generating new rectified
images (rectified). Finally, a goldstandard is provided for each
registration, which allows for a quantitative evaluation of skull
multimodal rigid registration. We perform a rigid registration of
the nine patients, for each combination of imaging modalities,
and for each considered similarity measure. We choose a com-
mon registration scheme for the different similarity measures,
which allows for a fair comparison between the results. This
scheme is composed of the adaptive stochastic gradient descent
procedure [21] with automatic parameter estimation, coupled
with a 5 levels pyramidal approach. The number of iterations is
limited to 200 at each level of the pyramid, and we use 1000
pixels for the evaluation of the different similarity measures.

The results are given in Table 1 and represent the mean reg-
istration error in mm for the first nine patients of the database,
for each imaging couple and each similarity measure. The bold
numbers represent the best result for each modality couple. We
can see that our 3-EMI measure generally outperforms the clas-
sical MIgs and MIg ones. When it is not the case, our measure
gives a result which is close to the best one. The superiority
of 3-EMI is particularly true for PET/MRI registration tasks,
which involve very different imaging modalities. Such a reg-
istration example is given in figure 3. We can also see from
these tests the poor results obtained with MIg compared to both
other measures. That’s why we only consider the latter 2 metrics
(namely 3-EMI and Mlgg) in the next evaluation section. We
checked that the difference of results given in table I between
the methods is statistically significant. This was confirmed by
using a t-test (for 3-EMI, Mlgs, and Mlg p-values are respec-
tively 3.9.107212,2.071%5 and 1.8 . 10~289). Note that we also

(a) PET

(c) Checkerboard before (d) Checkerboard after

registration registration

Fig. 3. PET/MRI RIRE database registration example. (a) Original PET volume.
(b) Original PD rectified MRI. (c) Checkerboard between reference and floating
images before registration. (d) Checkerboard between reference and floating
images after registration based on 3-EMI.

checked using Kolmogorov’s test that the difference of results
was Gaussian in order to apply the t-test.

Finally, let’s analyse the global numerical complexity
involved by the repeated computations of each measure in the
rigid registration task. Mlg, MIgs and 3-EMI required 10°,
1.024 % 10° and 10° flops, respectively.

4.3. Non-rigid registration: EMPIREI10 Challenge

Evaluation in the context of non-rigid registration is more
ambitious because of the difficulty to use a reliable quantita-
tive criterion. During MICCAI 2010 conference, the EMPIRE10
(Evaluation of Methods for Pulmonary Image Registration
2010) challenge [15] [27] aimed at providing a platform for
the evaluation of non-rigid registration algorithms. For this pur-
pose, a database consisting of 30 subjects is used, and 2 CT
volumes of the lungs taken at different times are available for
each subject. Four criteria are used to assess the registration
quality, but only two are presented hereafter: correspondence of
annoted point pairs and analysis of singularities in the deforma-
tion field. We kept these two criteria that shown to be statistically
significant using t-tests. The two others (lung boundary and
fissure aligments) are not statistically significant (P-values of
these criteria are respectively 0.9 and 0.4).. For each subject,
one can obtain a score that has a different meaning regarding
the criterion observed. For the correspondence of annoted point
pairs criterion, the score represents the average distance between
the considered points, while for the other criteria, the score



M. Rubeaux et al. / IRBM 35 (2014) 139-148 145

represents a percentage of total checked points for which the
considered criteria is not achieved. This database also offers the
opportunity to submit the results online in order to challenge the
other participants and to obtain the rank of proposed algorithms.
More details regarding the evaluation and ranking procedures
can be found on the website [15] and [27].

In this section, we compare the performance of 3-EMI and
Mlgs in the context of non-rigid registration using this database.
Once again, we chose a common registration framework allow-
ing for a fair comparison. The registration proceeds in 2 steps:
first, an affine registration is performed as a preprocessing and
second, the non-rigid registration takes place using the initial
transformation found in the first stage as an initialization. In
both procedures, an adaptive stochastic gradient descent opti-
mizer with automatic parameter estimation is used [21]. For the

Table 2

Evaluation of 3-EMI and Mlgs metrics in the context of monomodal non-
rigid lungs registration, using the EMPIRE10 database. The evaluation is held
regarding four different criteria, but only the two criteria that are statistically sig-
nificant are reported in this table (Landmarks and Singularities). For Landmarks
criterion, the score represents an average distance in mm between landmarks.
For the other criterion, the score is a percentage of total checked points for which
a penalty occured. A ranking process between the different participants is also
used. See [15] for more details regarding the evaluation. Bold numbers repre-
sent the best result for each criterion and each subject. Courtesy of the Empire10
team.

Landmarks Singularities
Scan 3-EMI Mlgg 3-EMI Mlgs
Pair Score Rank Score Rank Score Rank  Score Rank

1 6.19 22.00 11.84 25.00 0.00 10.00  0.00 10.00
2 0.99 23.00 1.96 25.00 0.00 11.50  0.00 11.50
3 1.03 24.00 2.25 26.00  0.00 12.00  0.00 12.00
4 1.85 17.00 3.10 23.00 0.00 11.50  0.00 11.50
5 0.19 17.00 1.46 26.00  0.00 11.00  0.00 11.00
6 0.96 2400 1.82 27.00  0.00 13.00  0.00 13.00
7 7.49 25.00 8.19 26.00  0.00 9.00 0.00 9.00

8 3.14 22.00 5.01 26.00 0.00 11.50  0.00 11.50
9 1.47 25.00 2.24 26.00 0.00 11.00  0.00 11.00
10 3.62 19.00 4.38 21.00  0.00 11.00  0.00 11.00
11 3.45 25.00 5.90 26.00 0.00 10.50  0.00 10.50
12 0.65 21.00 2.58 26.00 0.00 12.50  0.00 12.50
13 1.98 25.00 3.15 26.00 0.00 11.00  0.00 11.00
14 13.10 25.00 1352 26.00 0.00 7.50 0.00 7.50

15 1.02 21.00 1.90 25.00 0.00 11.50  0.00 11.50
16 2.08 23.00 5.34 26.00 0.00 12.00  0.00 12.00
17 1.60 24.00 3.00 26.00 0.00 11.50  0.00 11.50
18 9.16 25.00 9.81 26.00 0.00 9.00 0.00 9.00

19 0.83 22.00 2.14 26.00 0.00 11.50  0.00 11.50
20 1290 25.00 7.16 22.00 0.00 10.00  0.00 10.00
21 10.08 21.00 1558 23.00 0.00 9.50 0.00 9.50

22 1.95 23.00 4.23 26.00 0.00 11.00  0.00 11.00
23 2.00 24.00 3.79 25.00 0.00 11.50  0.00 11.50
24 1.18 14.00 2.85 26.00  0.00 11.00  0.00 11.00
25 0.56 23.00 1.76 26.00 0.00 10.50  0.00 10.50
26 1.34 24.00 2.14 27.00  0.00 12.50  0.00 12.50
27 1.41 24.00 2.53 25.00 0.00 12.00  0.00 12.00
28 9.85 25.00 7.19 24.00  0.00 10.50  0.00 10.50
29 1.59 17.00 2.29 24.00  0.00 11.00  0.00 11.00
30 1.09 24.00 1.87 25.00  0.00 12.00  0.00 12.00

Avg 3.49 2243 470 25.23  0.00 11.00  0.00 11.00

(c) Floating registered image

(d) Checkerboard after registration

Fig. 4. Example of monomodal non-rigid lung registration (subject 25, 3-
EMI metric). (a) Reference image. (b) Floating image. (c) Floating registered
image. (d) Checkerboard between (a) and (c). This example illustrates the good
behaviour of the 3-EMI metric for non-rigid registration.

affine registration, we apply a pyramidal approach with 5 lev-
els, 1000 iterations per level and 2000 pixels to estimate the
similarity measures. During the non-rigid registration based on
B-Splines, we use a bi-pyramidal approach consisting in down-
sampling the images and gradually refining the B-Splines control
grid. We use 4 levels for each pyramid, the final spacing between
the B-Spline control points is 20 mm, we employ a maximum
of 200 iterations per level and use 1000 pixels to estimate the
measures.

The global results for both similarity measures are given in
Table 2. The ones for our 3-EMI metric are also available online
at the address [15]. We can see that they are similar of slightly
better than those obtained with MlIgg. This is particularly true
for the evaluation based on landmarks (first criterion), where
our metric performs better 28 times out of 30. It is noteworthy
that the latter results were shown to be statistically significant. If
we detail these results, we can see that both methods give good
results in general, but some of the subjects (1, 7, 14, 18, 20,
21, 28) present difficulties. They correspond to image couples
that are very different one from the other. The consequence is
that the overall results for both metrics can seem poor. Other
teams competing in this challenge and using the same kind of
framework (B-Spline non-rigid transformation model and MI
similarity measure) usually add an energy term to prevent folding
which can occur with these demanding subjects. Our aim was
not to obtain the best possible results, but just to compare two
similarity measures, in the context of non-rigid registration, in
a common and simple possible framework which avoids other
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components of the scheme to interfer too much with the metrics.
Hence these results show at once the feasibility of our measure
for non-rigid registration, and the overall good behaviour of the
registration framework. An illustrative example of the results we
obtained is given in figure 4. This corresponds to the results for
subject 25 registered using 3-EMI metric.

Finally, let’s study the global numerical complexity involved
by the repeated computations of each measure in this non-
rigid registration task. MIgg and 3-EMI required 6.96 * 10° and
11.6* 10° flops, respectively.

5. Conclusion

In this paper, we present a new similarity measure based on a
third order approximation of MI using an Edgeworth expansion
of PDF’s and called 3-EMI. To begin, we show that this measure
requires a few pixels to be estimated correctly, and is more robust
to additive Gaussian noise than traditionnal MI estimators. We
also demonstrate its ability to perform efficient rigid multimodal
registration compared to the classical B-Spline Parzen window
estimator of MI. Moreover, our measure exhibits a better robust-
ness when the images to register have a very different intensity
information, as in the case of PET/MRI registration. Finally, we
establish using the EMPIRE database that it is also effective
for non-rigid registration tasks, and this remains a challenge
in medical image registration. This comes from the use of the
cumulants, which brings a relevant statistical information about
the images to register.

We also show that our measure gives these satisfactory results
with furthermore a lower computational complexity per iteration
than B-Spline estimator of MI. Moreover, in our experiments,
the total number of iterations used by the optimizer was always
the stopping criterion that was taken into account among others,
regardless of the similarity measure used. So the overall reg-
istration procedure using our approximation is more efficient,
regarding time consumption.

This study offers new perspectives regarding the use of MI
in iconic medical image registration. First, the optimization
approach uses an estimation of the gradient by finite difference
causing estimation errors. However, our metric allows for an ana-
lytical calculation of the gradient. Such an exact calculation will
improve the performance of the optimization algorithm. Sec-
ondly, the extension of our 3-EMI similarity measure to higher
orders will improve the quality of registration. Indeed, it will
use a truncated edgeworth development to a higher order (eg
4 instead of 3), which will reduce the estimation error of the
ML
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Appendix A. Univariate and bivariate Hermite
polynomials

The univariate Hermite polynomials are defined by:

d*¢,
By = (1 (15)
where:
1 2
_ —(u—Ex)/(2Var(x))
Pxlu) = 271Var(x)e (16)

is the marginal normal distribution with Var(x) denoting the
variance of x. The first seven univariate Hermite polynomials
are given by:

Ho(u) =1 17)
H@w) = u

Hyw) = u*—-1

Hi(u) = ud = 3u

Hyu) = u*—6u>+3

Hsw) = u’ —10u3 + 15u

He(u) = u®—15u*+45u%-15

They enjoy the following orthogonality property:

/ oGO Hi) H ) = - = (18)
R

0 otherwise

In the same way, one can define the bivariate Hermite poly-
nomials as:

Fpru)
L — (—1) x
¢X(M)Hll,‘..,lk(u) - ( 1) Bu(il)...au(ik) (]9)
with:
1 1 T -1
_ = a5 w=Ex) k; (u—Ex)
¢X(u) - 27T|Kx|1/ze 2 (20)
the bidimensionnal normal distribution, where

ky=ExxT —ExExT is the covariance matrix of x whose
elements are denoted by «'/(x) and where /c;] is its inverse
whose elements are written «;j(x). The first bivariate Hermite

polynomial is given by:

H; () = ki 1(0uD + i 2 (0)u® 1)
and the following recurrence relation:

0iH;, i) = ki, () Hj,, . i, (u)[k] (22)

allows one to recover the other polynomials. In this last
expression and the following, the notation [k], introduced in [19]
to simplify the formulas, represents a sum of k similar terms,
determined by suitable permutations of the indices.
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Their orthogonality property can be express as:

o Hua O s (3)
_ [k!]Kil,jl(x)...K,'k’jk(x) ife =k
1o otherwise

Appendix B. Zero mean - unit variance bivariate
normal distribution

Considering u = (uy, )T and iy = the covariance

1
matrix of the zero mean unit variance random vector x, we can

write:

buu) = 2)<u% +us — 2,0M1M2)> 4

1 1
(s
Qm)/1 = p? 2(1—p

the zero mean - unit variance bivariate normal distribution.

Appendix C. Third order Edgeworth-based
approximation of joint entropy

We give here the mathematical developments needed to build
the approximation of joint entropy for potentially correlated ran-
dom variables. Approximation of marginal entropy can be found
in a similar manner.

Including (6) in the definition of joint entropy (2), and using
the second order Taylor expansion (1 + x) log(l + x) ~ x + %
we can write:

H(x) ~ — 7{ (1) 108 (B:(0)) d (25)
- f #0108 (94(u)) B(u)d (26)
- 7{ ¢x(u) By (u)du 27)
R2
1
= f Gx()(By(u))*du (28)
R2

The first integral (25) is the entropy of a bivariate nor-
mal distribution given by 1+log(27)+0.5log(1 — p?). After
straightforward manipulations, and using i) the zero mean unit
variance bivariate normal distribution (24) and ii) the orthogo-
nality properties of bivariate Hermite polynomials (23), it can
be shown that (26) and (27) are equal to zero. The last term (28)
to compute can be re-written:

1
- 3 }'{ bx(u)(Bx(u))*du
RZ

29

1
- -= B )Y Hypy ) + 912 Hypp(u)?
]RZ

2 2
9 22) Himo (u)? + (*22)" Homo (u)?
6 UL B2 Hy () Hy o () 4+ 6658 b 22 Hy () Hyo (1)

2ich 11322 Hyy (u) Haoo () + 18612122 Hyo () Hioo (1)

+ o+ o+ 4

61121222 Hy 15 (1) Hoo (1) + 6k 221222 Hyo (1) Hono (1)) du

To compute the ten integrals in (29), one needs once again
to use the orthogonality properties of bivariate Hermite polyno-
mials (23), with £ =k. More precisely, we can write:

$rodu@)(Hy 1,1 () du =

a—-p
2 [ —
$redxW)(Hp 2 2(w)) du = 0=
2+4p?
$radx)(Hy 1 2(w))du = 7’03
(1- /02)2
244
$re)(Hy 2 2 du =~
(1 —p?y .
$rotx ) Hy 1,1 () Hy 1 2(u)du = _7'03
(1 S p?)
6
Frada ) Hy 11 ) Hy 2 2(0)du = —2—
a- pz;
6
5§R2¢x(M)H1,1,1(M)H2,2,2(u)du = —%
(1- 92)3
4p+2
§R2¢X(M)H1,1,2(M)H1’2’2(u)d1,{ = _’07'03
(1 3 0%)
6
$redxW)Hy 12(u)Ha 2 2(u)du = %
(1- ,gz)
FradaW) Hy 2,2(u) Ho 2 o ()i = ———2—
1 —-p%
which leads, after some operations, to:
1 2
- E%Rzm(u)(Bx(u)) du
= _12;23[161‘1’12 + K2‘2’22 + 3/(1’]‘22 + 3/(1’2’22
(I=p7)

— 6oLl 2 122,222 4 9,112,122
2 2
+ 6020 122 LG22 112,200y

_ 2p3(K1,1,1K2,2,2 + 3/(1’1’2/(1’2’2)]

Reordering the different terms of the approximation leads to

9).
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